Abstract. We improve upon a recent result of Culler and Dunfield on orderability of certain Dehn fillings by removing a difficult condition they required.
If M is the exterior of a knot K in an integral homology 3-sphere, µ and λ will be the canonical meridian and longitude in ∂M , i.e., µ bounds a meridian disk of K and λ is null-homologous in M . The set of slopes in ∂M will be identified with Q ∪ {1/0} with respect to the chosen meridian and longitude in the usual way so that µ is identified with 1/0 and λ with 0, and M (r) will denote the Dehn filling of M with slope r. Recall that a group is called left-orderable if there is a total ordering on the group which is invariant under left multiplication. The purpose of this note is to update a recent result of Culler and Dunfield [CD] to the following Theorem 1. Let M be the exterior of a knot in an integral homology 3-sphere such that M is irreducible. If the Alexander polynomial ∆(t) of M has a simple root on the unit circle, then there exists a real number a > 0 such that, for every rational slope r ∈ (−a, 0) ∪ (0, a), the Dehn filling M (r) has left-orderable fundamental group.
The above theorem was proved in [CD] under the additional condition that every closed essential surface in M (0) is a fiber in a fibration of M (0) over S 1 ([CD, Theorem 1.2]) or under the additional condition that each positive dimensional component of the P SL 2 (C) character variety of M (0) consists entirely of characters of reducible representations [CD, Theorem 7.1] . The former condition is very restrictive and the latter one is hard to verify in general. So the updated theorem will be much more applicable.
We also remark that if M (0) is prime (which is always true if M is the exterior of a knot in S 3 ) then π 1 (M (0)) is left-orderable since the first Betti number of M (0) is positive ( [BRW, Theorem 1.3] ). In this case, we may replace the intervals (−a, 0) ∪ (0, a) in Theorem 1 by the interval (−a, a).
The motivation for studying if a Dehn filling has left-orderable fundamental group is its connection to the following now well known Now we proceed to prove Theorem 1. From now on we assume that M is the exterior of a knot in an integral homology 3-sphere such that M is irreducible.
The main new input is a quick application of some results from [H] which we recall now. Let F be a Seifert surface of genus g for M and let
and ∆(t) = detA(t) is the Alexander polynomial of M . Let B(t) = (t −1/2 − t 1/2 )A(t). The complex values t = ±1 for which B(t) is singular are exactly the roots of the Alexander polynomial ∆(t).
Identify SU (2) with the set of unit quaternions and identify U (1) with the unit circle in the complex plane. If t ∈ U (1), then B(t) is a Hermitian matrix and hence has only real eigenvalues. The equivariant knot signature of M , denoted by SignB(t 2 ), is the function from U (1) to Z taking t to the number of positive eigenvalues minus the number of negative eigenvalues for B(t 2 ), counted with multiplicity. This function is independent of the choice of F , {x i }, and the product neighborhood of F . The relationship between B(t) and the Alexander matrix A(t) implies that SignB(t 2 ) is continuous in t ∈ U (1) except possibly at square roots of roots of the Alexander polynomial.
For each 0 < α < π, let ρ α : π 1 (M )→SU (2) be the abelian representation determined by ρ(µ) = e iα . The following results were obtained in [H] . (1) ) send λ to e iσ(ρs) for some small σ(ρ s ) = 0.
What we need in this paper is the following special consequence of Theorem 5.
Corollary 6. If e i2α is a simple root of ∆(t), then there is a continuous family of irreducible SU (2) representations {ρ s } of π 1 (M ) limiting to ρ α . Moreover all of these ρ s near ρ α send λ to e iσ(ρs) for some small σ(ρ s ) = 0,
Proof. The first assertion is immediate by part (2) of Theorem 5. To get the second assertion, let t 0 = e iα and we have
where f (t) is a holomorphic function such that f (t 0 ) = 0. The product rule for derivative shows that the derivative of detB(t 2 ) at t 0 is not zero. As detB(t 2 ) is a product of its eigenvalues λ 1 (t), · · · , λ 2g (t) for which we may assume that λ 1 (t 0 ) = 0 and λ j (t 0 ) = 0 for all 1 < j ≤ 2g, applying the product rule for derivative again we see that λ 1 (t) has nonzero derivative at t 0 . So λ 1 (t) cross zero transversely as t ∈ U (1) moves through the value e iα . The second assertion now follows from part (3) The character χ ρα is a middle point of a smooth arc of real valued characters {χ t ; t ∈ (−ǫ, ǫ)} in X 0 such that χ 0 = χ ρα , χ t is the character of an irreducible representation for t = 0. Moreover χ t is the character of a representation into SU (2) for t > 0 and SU (1, 1) for t < 0. Now consider a continuous family of irreducible SU (2) representations {ρ s } limiting to the abelian representation ρ α , provided by Corollary 6. Since the character of an irreducible representation cannot be equal to the character of a reducible representation, {χ ρs } is a nonconstant
